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1. INTRODUCTION 
The polytope Q, of the convex combinations of the permutation 
matrices of order n is well known (Birkhoff’s theorem) to be the polytope 
of doubly stochastic matrices of order n. In particular it is easy to decide 
whether a matrix of order n belongs to Q,. . check to see that the entries are 
nonnegative and that all row and columns sums equal 1. Now the permuta- 
tions z of { 1, 2, . . . . n} are in one-to-one correspondence with the permuta- 
tion matrices P, of order n and we make speak of an even permutation 
matrix. Mirsky [4] defined a doubly stochastic matrix to be even provided 
it is a convex combination of even permutation matrices and considered 
the problem (proposed by A. J. Hoffman) of deciding when a doubly 
stochastic matrix is even. Let Sz; denote the polytope of even doubly 
* Research partially supported by NSF Grant DMS-8901445 
’ Research carried out while a Visiting Scholar at the University of Wisconsin. 
243 
0097-3165/91 $3.00 
Copyright 0 1991 by Academic Press. Inc. 
All rights of reproductmn in any lorm reserved. 
244 BRUALDI AND LIU 
stochastic matrices. Mirsky proved that if X= [.u,~] (i, ,j= 1, 2, . . . . n) is a 
matrix in Szy, then for all even permutations rc of { 1, 2, . . . . II ). 
;g, -Kirr,i)-3si,ci)<n-3 (1 <j<n). 
von Below [ 1 ] showed that for n 3 4 the above condition is not sufficient 
to guarantee that a doubly stochastic matrix is even (it is for IZ = 3). To the 
best of our knowledge these papers of Mirsky and von Below are the only 
papers that contain information about the polytope Q”,‘. In this note we 
determine four new necessary conditions in order that a doubly stochastic 
matrix be even and give some examples to show the independence of these 
conditions. We also determine the dimension of the polytope Szy, charac- 
terize its faces of dimension one (thus its vertex-edge graph) and show that 
there is a path with length at most two between any two vertices on the 
polytope. We conclude with a few remarks and two conjectures. 
2. RESULTS 
If n = 1 or n = 2, then the identity matrix of order n is the only even 
doubly stochastic matrix. Let n = 3. Then ~2: consists of all matrices of the 
form 
a b c 
[ 1 c a b b c a 
where a, b, and c are nonnegative numbers with a + b + c = 1. In particular, 
52”,’ is a regular simplex of dimension 2 in real 9-space. Recall (see, e.g., 
Brualdi and Gibson [3]) that the dimension of the polytope Q, of all 
doubly stochastic matrices of order n is (n - 1)‘. Thus for n = 3, 
dim(Q”,‘) <dim(Q,). For na4 we show that the two polytopes have the 
same dimension. 
THEOREM 1. If n 2 4, then dim(Qff) = (n - 1)‘. 
Proof. The dimension of .C2: is at most (n - 1 )2, the dimension of Q,. 
Thus it suffices to show that there exist even permutation matrices P, = 
I, p,, p,, ***, pp-I, 2suchthatthesetofmatrices {Pi-P,Il<i<(n-l)*} 
is linearly independent, If n = 4, the permutation matrices corresponding to 
the nine even permutations of { 1, 2, 3,4} that do not fix 1 can be shown 
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to have the desired property. Now let n > 5 and consider the (0, I)-matrix 
X of order n which has l’s on the main diagonal and the diagonal 
immediately below the main diagonal (the first subdiagonal) and O’s else- 
where. For example, if n = 5 we have 
[ 
1 0 0 0 0 
11000 
x= 
0 1 1 0 0 1 . 00110 00011 
The only permutation matrix P with Pg X (entrywise) is the identity 
matrix 1, of order n. To complete the proof we show that it is possible to 
order the O’s of X in such a way that if we replace in succession the O’s with 
l’s obtaining matrices X0 = X, X, , . . . . X,, _ 1j2 (XC,- 1j2 is a matrix of all l’s), 
then there are even permutation matrices Pi (1 < i < (n - l)*), such that 
pi6Xiy pjCxi-le 
We first replace the O’s in the positions (1, 3), (2,4), and (3, 5) of X,, with 
1’s. Each replacement creates a new permutation matrix with a cycle of 
length 3 and all other cycles of length 1, and hence a new even permutation 
matrix. We now replace the 0 in the (1,5) position with a 1. This replace- 
ment creates a new permutation matrix with a cycle of length 5 and all 
other cycles of length 1, and hence a new even permutation matrix. Now 
we replace the 0 in the (5, 1) position with a 1, creating a new permutation 
with a cycle of length 3 and all other cycles of length 1. The matrix now 
has l’s in the (1, 5) and (5, 1) positions corresponding to a transposition. 
If n = 5 or n = 6, the proof is easily completed. Assume that n > 7. Next we 
replace the 0 in position (n - 1, n) with a 1. This replacement creates a 
transposition disjoint from the one above and hence an even permutation 
matrix. Let Y be the leading principal submatrix of order n - 2 of the 
matrix now in hand. We order the O’s of Yin any way subject to the condi- 
tion that the O’s above the main diagonal come first. Replacing O’s with l’s 
in the chosen order creates each time a new even permutation matrix 
because of the l’s in positions (n - 1, n) and (n, n - 1) corresponding to a 
transposition. Next we order the remaining O’s in the lower principal sub- 
matrix of order n - 2 with the O’s above the diagonal coming first and take 
advantage of the l’s in positions (1, 2) and (2, 1) corresponding to a trans- 
position. At this point there are only seven O’s left and the proof is readily 
completed. 1 
As usual we denote the set of all permutations of { 1,2, . . . . a> by S, and 
the subset of even permutations by A,. If X= [xii] (i, j= 1,2, . . . . n) is a 
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doubly stochastic matrix of order n we let A,,(X) be the set of all permuta- 
tions 7~ in A, such that xinCrj # 0 for all i= 1, 2, . . . . n. The permutation 
matrices corresponding to the permutations ICE A,(X) are the only per- 
mutation matrices that can be used in expressing X as a convex combina- 
tion of even permutation matrices. 
THEOREM 2. Let X = [xij] (i, j = 1,2, . . . . n) be an even doubly stochastic 
matrix of order n. Then the following conditions hold: 
i Xin(i)-3X,j,(,,<n-3 @EEA,; 1 <j<n); (1) 
i= 1 
C min{xin~i~~lbi~n}~l; (2) 
n 6 4dw 
c min{xjnci, I i # k} 3 xkl (k, 1= 1, 2, . . . . n). (3) 
z E A,(X), n(k) = I 
Let -xilJj 3 xiz.i23 -7 . Y. be any set of positive entries of X such that for all ,,I, 
permutations K E A,(X), n( i,) = jp for at most one p = 1, 2, . . . . t. Then 
Xf,j,+Xi*j,+ “’ +X,j,d l. (4) 
Let a be any odd permutation and let k be an integer such that for all 
rc~ A,(X), o(i)=n(i) for at most k integers i= 1, 2, . . . . n. Then 
(Note that we may always choose k = n - 2.) 
ProoJ (1) This is the condition of Mirsky [4] referred to in the Intro- 
duction. Let 
x= 1 c,P, c,30; 1 c,=l . 
> 
(6) 
K E an(x) XEAAX) 
(2) Let n be any even permutation. Then 
Xin(i) 2 c77 (l<i<n) 
and hence 
min(x,ti,I 1 GiQn} 2c,. 
Equation (2) now follows by summing over all rc E A,,(X). 
EVEN DOUBLY STOCHASTIC MATRICES 247 
(3) Let k and 1 be integers with 16 k, 16 n. Referring to Eq. (6), we 
see that 
and 
c, < min{ xin(i) I i # k} (n E A,W), 4k) = 4 
xkl = c cr. 
n E A,(X), n(k) = I 
Combining these we obtain (3). 
(4) No two of the entries xi, j,, xhh, . . . . x~,~, occupy positions in X 
which have value 1 in an even permutation matrix P, with nonzero coef- 
ficient c, in the representation (6). Let A,(X)ip,jp be the set of those even 
permutations rc such that n(i,,)= jP (p= 1,2, . . . . t). Then A,(X)jp,jp 
(p = 1, 2, . ..) t) are pairwise disjoint subsets of A,(X). Hence 
c,= 1. 
p=l P= 1 rr~An(X),~.,~ I E A,(X) 
(5) Let P,= [pii] (i, j= 1, 2, . . . . n) be a permutation matrix with 
7c E A,(X). Then 
it, Pia d k. 
Hence 
In (2)-(5) the set A,(X) can be replaced with the set A,,. We now give 
some examples to illustrate the independence of the conditions (lt(5). 
EXAMPLE 1. Let 
01100 
11000 
X+00110. [ 1 00011 1 0 0 0 1 
Then X satisfies (1) (as observed by von Below [ 11, but X does not satisfy 
(2). Thus X$0?, and condition (1) does not imply condition (2). 
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EXAMPLE 2. Let 
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l/2 l/2 0 0 0 
l/2 l/2 0 0 0 
X= 0 0 l/3 213 0 
0 0 l/3 0 213 
0 0 l/3 l/3 l/3 1. 
Then X satisfies (1) and (2), but X does not satisfy (3) when k = I = 1. Thus 
X$s2?, and conditions (1) and (2) together do not imply (3). 
EXAMPLE 3. Let 
X= =; L 0 11001 1 1 1 0 1 . 
00111 
10011 
p 1 1 0 01 
Then X satisfies (1 ), (2), and (3). Each of the positions (1, 1 ), (2, 5), (3, 2), 
(4, 3), and (54) has value 1 in exactly one (of the five) even permutation 
matrices in A,(X) and no two of these permutation matrices are the same. 
The sum of the entries of X in these positions is 5/3. It follows that X does 
not satisfy (4). Hence X$Qe,‘, and conditions (l), (2), and (3) together do 
not imply (4). 
We note that the previous matrix X also does not satisfy (5) for the odd 
permutation c = ( 1 )( 2543). 
It seems very difficult to obtain necessary and sufficient conditions in 
order that a doubly stochastic matrix A’ of order n belong to 52;. Indeed 
it even seems difficult to find sufficient conditions for X to belong to Qy. 
One obvious sufficient condition is contained in the following theorem. 
THEOREM 3. Let X= [xii] (i, j= 1, 2, . . . . n) be a doubly stochastic 
matrix of order n. If 
c min{x,,,cijI 1 Gidn} =o, 
7ZeS,-A, 
(7) 
then X is an even doubly stochastic matrix. 
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Proof. Since X is a doubly stochastic matrix, it can be presented in the 
form 
x= 1 c,P, 
( 
c,>o; c c, =l. 
nss, 77 E S” > 
Equation (7) implies that c, = 0 for all odd permutations z. Hence 
X=L‘4, c,p,. I 
EXAMPLE 4. Let 
0 l/2 l/3 l/6- 
Then X satisfies (7) and hence is an even doubly stochastic matrix. 
We now consider the edges (faces of dimension 1) of the polytope 52:. 
Each such edge is determined by a pair of even permutations {a, rr} of 
{ 1, 2, . . . . n ), and the edge consists of all matrices of the form 
X=cP,+(l-c)P,, O<c<l. 
The vertex-edge graph of Szy is denoted by G(Qr). 
THEOREM 4. Let r~ and n be distinct permutations in A,,. Let the cycle 
decomposition of the even permutation o -‘lt consist of p cycles of odd length 
different from 1 and q cycles of even length. Then {a, TC) is an edge of 
G(l22’,‘)ifandonlyifp=l andq=O, orp=Oandq=2. 
Proof: First we note that since cr -’ rc is an even permutation, q is 
an even integer. Clearly it suffices to prove the theorem when 0 = I, the 
identity permutation, and thus P, = I,. Then p and q are the number 
of odd length and even length, respectively, cycles of rc. We make use of 
the following obvious geometric fact: Two vertices (extreme points) tl 
and v of a convex polytope determine an edge if and only if a point 
cu + (1 -c) v (0 <c < 1) on the line segment joining u and v cannot be 
represented as a nontrivial convex combination of two points of the 
polytope at least one of which does not belong to the line segment. 
Let 
x= cl, + (1 - c) P, (O<c< 1) (8) 
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be a convex combination of I,, and P,. If p = 1 and q = 0, or p = 0 and 
q = 2, then A,(X) = { , I z} and it follows that (1, rcj- is an edge of G(QF). 
We show that in the remaining cases ii, rc> is not an edge of the graph: 
(i) pb 2. Suppose that p= 2. There exist distinct permutations CI 
and /? in A,,(X) which have exactly one nontrivial cycle in their cycle 
decomposition where this cycle has odd length. Choosing c = l/2 we see 
that X= 1/2P, + 1/2P, and we conclude that {z, X} is not an edge of the 
graph. The case p > 2 is handled in a similar way. 
(ii) p = 0, q 2 4. Suppose that q= 4. Now there exist distinct 
permutations CI and /l in A,(X) which have exactly two nontrivial cycles in 
their decomposition and these cycles have even length. We proceed as in 
case (i). 
(iii) p = 1, q >, 2. Suppose that q = 2. In this case there exist distinct 
permutations LY and /I in A,(X), where a has one nontrivial cycle (of odd 
length) in its cycle decomposition and a has two nontrivial cycles (of even 
length) in its cycle decomposition. Again we proceed as in case (i). 1 
The graph G(Qy) is a complete graph K, and hence has diameter equal 
to one. For n 2 4 we have the following. 
THEOREM 5. The diameter d of G(Qr) equals 2 for n 2 4. 
Proof: Assume that n 24. It suffices to show that there is a path of 
length 2 from I to each even permutation n of { 1,2, . . . . n}. Without loss of 
generality we assume that rc has no fixed points and that the cycle decom- 
position of 7c is 
( 1, 2, .a., nl)(nl + 1, n2 + 2, . . . . n, + n2) ... 
(n, +n,+ “.nkP,, . . . . n, +n,+ ... +n,), 
where n=n, +n,+ ... +n,. Since rc is an even permutation, n = k 
(mod 2). Let (r be the permutation which is the cycle (1,2, . . . . n) of length 
n. The permutation x-‘a has exactly one nontrivial cycle and it has length 
k. Hence if n, and hence k, is even, both {I, r~} and {a, rc} are edges and 
we have a path of length 2 from I to rr. Now assume that n, and hence k, 
is odd. We then define cr to be the permutation fixing 1 which otherwise is 
the cycle (2, 3, . . . . n) of length n - 1. Then X-‘D has exactly one nontrivial 
cycle and it has length k + 1. Hence both c and 71-l~ are even permuta- 
tions. Thus both (1,~) and {a, z} are edges. 1 
We note that the vertex-edge graph of the polytope Sz, also has diameter 
2 for n 2 4 (see, e.g., Brualdi and Gibson [3]). 
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3. CONCLUDING REMARKS 
Let X= [xii] (i, j= 1,2, . . . . n) be a doubly stochastic matrix. In analogy 
with A,(X), let S,(X) be the set of all permutations rc in S, such that 
xincij # 0 for all i = 1, 2, . . . . n. As is well known, the following algorithm 
(called the Birkhoff algorithm in Brualdi [2]) always succeeds in expres- 
sing X as a convex combination of permutation matrices: Choose a per- 
mutation rc E S,(X) and let c, = min(xin(ij ( 1 6 i < n}. Then X= c, P, + x’, 
where X’ is a nonnegative matrix with constant row and column sums 
(hence X’ can be normalized to a doubly stochastic matrix) with at least 
one more 0 than X Iteratively repeat on X’. The corresponding algorithm 
in which rc is chosen in A,(X) will not succeed, in general, in expressing an 
even doubly stochastic matrix as a convex combination of even permuta- 
tion matrices. For example, let X= f A, where 
It is easily seen that A is the sum of three even permutation matrices and 
thus X is an even doubly stochastic matrix. Let n be the permutation of 
{ 1, 2, 3,4, 5} with cycle decomposition (1, 2), (3,4). Then 71 E A,(X). But 
the (0, 1)-matrix A -P, is not the sum of two even permutation matrices, 
nor is there a convex decomposition of X which begins with fPn. The 
failure of this algorithm (and the algorithm illustrated in the above exam- 
ple for expressing a (0, 1)-matrix as a sum of even permutation matrices) 
is evidence of the significant difference between Sz, and ny. Another 
illustrative example is the following. 
EXAMPLE 5. Let X= fA, where 
1 1 1 0 
A= 
1 1 0 1 [ 1 0111’ 1 0 1 1 
It is easy to check that IA,(X)l = 6 and that A is not the sum of three even 
permutation matrices. Hence X# i(Qi + Q2 + Q3), where the Qi are even 
permutation matrices, But 
c P,=2A 
z E An(X) 
252 BRUALDI AND LIU 
and it follows that X=~(~sEA,(X, P,) and so X is an even doubly 
stochastic matrix. 
This example stands in contrast to the fact that if A is a (0, I)-matrix all 
of whose row and column sums equal k, then A’= (l/k) A is the convex 
sum of k permutation matrices each with coefficient equal to l/k. In 
general, we have the following: Let A = [aii] (i, j = 1,2, . . . . n) be a (0, l)- 
matrix with exactly k l’s in each row and column. The matrix X= (l/k) A 
is an even doubly stochastic matrix if and only if there exists a subset Z of 
A,(X) and an integer p such that aij= 1 implies that exactly p of the per- 
mutation matrices in Z have a 1 in the (i, j) position. The validity of this 
statement rests on the observation that if X is an even doubly stochastic 
matrix, then X can be expressed as a convex combination of even permuta- 
tions using rational coefficients. 
We conclude with two conjectures. The polytope Q, is determined 
by n2 + 2n - 1 linear constraints (n2 inequalities and 2n - 1 linearly inde- 
pendent equations). 
Conjecture 1. The polytope Q f is not determined by a set of linear 
constraints whose number is bounded by a polynomial in n. 
If the conjecture were false, then by linear programming there would be 
a polynomial algorithm to determine whether a doubly stochastic matrix is 
even. We conjecture that no such algorithm exists. 
Let X= [xii] (i,j= 1, 2, . . . . n) be a matrix of order n. Consider the 
generalized matrix function 
w”W = 2 xln(l)~2n(2J . . .x,,(,) 
ZEA” 
which is the permanent function restricted to those terms corresponding to 
the even permutations. The minimum value of the permanent over the 
polytope of doubly stochastic matrices of order n is now known to be n!/n”, 
and the only matrix which achieves this minimum is the matrix J, of order 
n each of whose entries equals l/n. For n > 3 the matrix J, is an even 
doubly stochastic matrix. 
Conjecture 2. For n > 3 and X E Qz 
peP( X) 2 f.$ 
with equality if and only if X= J,,. 
It is easy to verify this conjecture for n = 3. 
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Nofe added in proof: There is an unpublished manuscript “On Removing Prescribed 
Vertices from a Convex Polyhedron” by A. B. Cruse which investigates 0: from the point of 
view of blocking polyhedra. 
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